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We compute the flux of linear momentum carried by gravitational waves emitted from spinning binary
black holes at second post-Newtonian (2PN) order for generic orbits. In particular we provide explicit
expressions of three new types of terms, namely, next-to-leading order spin-orbit terms at 1.5 post-
Newtonian (1.5PN) order, spin-orbit tail terms at 2PN order, and spin-spin terms at 2PN order. Restricting
ourselves to quasicircular orbits, we integrate the linear-momentum flux over time to obtain the recoil
velocity as function of orbital frequency. We find that in the so-called superkick configuration the higher-
order spin corrections can increase the recoil velocity up to a factor 3 with respect to the leading-order
PN prediction. Whereas the recoil velocity computed in PN theory within the adiabatic approximation can
accurately describe the early inspiral phase, we find that its fast increase during the late inspiral and
plunge, and the arbitrariness in determining until when it should be trusted, makes the PN predictions for
the total recoil not very accurate and robust. Nevertheless, the linear-momentum flux at higher PN orders
can be employed to build more reliable resummed expressions aimed at capturing the nonperturbative
effects until merger. Furthermore, we provide expressions valid for generic orbits, and accurate at 2PN
order, for the energy and angular momentum carried by gravitational waves emitted from spinning binary
black holes. Specializing to quasicircular orbits we compute the spin-spin terms at 2PN order in the
expression for the evolution of the orbital frequency and found agreement with Miko´czi, Vasu´th, and
Gergely. We also verified that in the limit of extreme mass ratio our expressions for the energy and angular
momentum fluxes match the ones of Tagoshi, Shibata, Tanaka, and Sasaki obtained in the context of black
hole perturbation theory.
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I. INTRODUCTION
A. Motivation and summary of results
In the past few years the study of linear momentum
carried by gravitational radiation and the subsequent recoil
(or kick) velocity it imparts to a binary merger has received
a lot of attention, as this recoil effect is astrophysically very
relevant [1]. There has been a lot of effort devoted to
quantifying the impact of gravitational recoil on stellar
mass black hole population and supermassive black hole
(SMBH) growth scenarios [2–9], as well as on formation of
galactic cores [10,11]. In addition the observation of a
candidate black hole ejected from its host galaxy after a
merger has recently been reported [12]. The evidence for a
recoiling black hole lies in the detection of broad blue-
shifted emission lines, presumably from gas carried by the
recoiling hole, accompanied by a corresponding set of
narrow emission lines from the gas left behind in the host
object. The estimated recoil velocity from the line blueshift
is 2650 km=s. However Refs. [13,14] have proposed
alternative scenarios to explain the observations of
Ref. [12] based on massive black hole binary models.
Recent estimates from binary black hole merger simu-
lations [15–27] indicate that for some special spin configu-
rations recoil velocities of order 4000 km=s could occur
in nature. Such high kicks are easily strong enough to eject
the black hole remnant from its host galaxy. Therefore a
precise understanding of the magnitude of kick velocities
and their dependence on binary parameters is paramount
for the development of accurate galactic population syn-
thesis models and massive black hole formation scenarios.
It is, however, currently impossible to simulate the number
of mergers required to span the expected binary parameter
space when spins are included, due to overwhelming com-
putational cost. One must therefore develop analytical
models for the recoil velocity as a function of the masses
and spins of the black holes.
The first computations of gravitational recoil in binary
systems were performed by Fitchett [28] and later by
Fitchett and Detweiler [29]. These papers relied upon ear-
lier work by Peres [30] and Bekenstein [31], who indepen-
dently computed leading-order expressions for linear-
momentum flux carried by gravitational waves in terms
of interference between multipole moments of the radia-
tion field. Fitchett’s [28] result is limited to the regime
where the binary’s dynamics can be accurately described
by Newtonian physics supplemented by dissipative terms
due to emission of gravitational waves. It therefore be-
comes rather inaccurate when the binary is near merger,
which is where most of the recoil is accumulated. Thus it is
imperative to include post-Newtonian (PN) corrections
within this particular framework. To obtain correct recoil
velocities at higher PN order, one must use the equations of
motion for the binary at the appropriate PN order, and also
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include additional couplings between multipole moments
of the radiation field. This extension of the work of Fitchett
at 1PN order for nonspinning binaries has been performed
by Wiseman [32]. More recently the computation of the
recoil for nonspinning binaries at 2PN order has been
reported by Blanchet, Qusailah, and Will [33] (henceforth
BQW).
If the binary contains spinning black holes, then the
spins of the holes contribute additional terms to the
linear-momentum flux. Kidder [34] has computed the
leading-order (spin-orbit) contributions from the spins to
the recoil. These contributions turn out to be 0.5PN order
relative to Fitchett’s calculation, i.e. to the leading
Newtonian order, showing that spins, if large, play a crucial
role in determining the recoil, especially since they intro-
duce extra asymmetries in the binary. In this paper we
improve the work of Kidder by computing the kick velocity
including all spin effects up to 2PN order beyond Fitchett’s
leading-order computation. The new contributions we
compute in this paper are the next-to-leading-order spin-
orbit terms at 1.5PN order, spin-orbit tail terms at 2PN
order, and the leading spin-spin terms at 2PN order. These
terms include, in particular, contributions from the quad-
rupole moment of each spinning black hole, which affect
both the orbital equations of motion at 2PN order, and the
time evolution of the spins themselves at 1.5PN, through
precession induced by quadrupole-monopole coupling
(see, for example, Refs. [35,36]).
The PN computations just described can of course claim
to provide a reliable estimate of the recoil velocity accu-
mulated solely during the early inspiral phase preceding
the plunge, merger, and ringdown. However since a sig-
nificant amount of the total recoil is generated during the
plunge, merger, and ringdown [37,38], resummation meth-
ods and the inclusion of quasinormal modes must be
invoked in order to provide a complete analytical model
of the recoil. Preliminary attempts in this direction were
pursued in Refs. [37–39] within the effective-one-body
approach [40–42]. Our present work pushing the calcula-
tion of the PN-expanded linear-momentum flux at higher
orders provides a foundation for constructing more accu-
rate resummed versions of the linear-momentum flux.
Our paper is structured as follows. We first complete our
introductory section with a summary of the notation and
conventions employed throughout. Next in Sec. II we
provide a somewhat detailed overview of the treatment of
spins in general relativity and in PN theory. We define
carefully different spin variables appearing at various steps
of our computations, e.g. spin variables of the PN source
multipole moments and spin variables with constant mag-
nitude. In Sec. III we outline the main computation and
give our main results for generic orbits. In Sec. IV we
specialize our results to quasicircular orbits and integrate
the momentum flux to obtain the kick velocity. We provide
numerical estimates of the kick velocity accumulated
throughout the inspiral for specific configurations, namely,
equal mass binaries with spins equal in magnitude but
opposite in direction. The spins are either collinear with
the orbital angular momentum or lying in the orbital plane.
In the collinear case we also provide an estimate of the kick
for equal masses but unequal spins. Finally in Sec. V, we
provide the expressions for the fluxes of energy and angu-
lar momentum accurate at 2PN order for spinning binary
black holes. We provide flux expressions for generic orbits
and compare with existing results in the literature. More
specifically we verify that in the extreme mass-ratio limit
our fluxes match the formulas obtained by Tagoshi et al.
[43] in the framework of black hole perturbation theory.
We also compute the spin-spin terms at 2PN order in the
expression for the evolution of the orbital frequency de-
rived from the usual balance argument, and verify that it
matches the expression obtained by Miko´czi, Vasu´th, and
Gergely [44] when one substitutes the proper expression
for the quadrupole moment of a Kerr black hole, and one
neglects contributions from magnetic dipoles.
B. Conventions
In this paper we consider black holes which can be
nearly maximally spinning. To reflect this property, our
PN counting for spin variables is defined as follows. We
introduce spin variables for each body, say SA, which are
related to the true physical spins SAtrue by
S A  SAtrue: (1.1)
This rescaling stems from the fact that for maximally
spinning compact objects, the physical spin scales as
Strue GM2=c, where M is the body’s mass. The conven-
tion for PN order counting thus states that the physical spin
is of order 0.5PN. On the other hand the rescaled spin
variables SA of Eq. (1.1) are of Newtonian order and do
not contain any hidden power of the speed of light. Of
course this scaling does not apply to slowly spinning
objects, for which Strue GM2vspin=c2. For such bodies
the rescaled spins (1.1) are of 0.5PN order, but such slow
spins are not targeted by this work. Throughout the body of
the paper we use geometric units G ¼ c ¼ 1. However we
keep track of the PN order of a given term by assigning to it
a multiplicative factor which is a power of 1=c. This factor
should not be thought of as carrying dimensions; it appears
solely as part of our PN bookkeeping. We also denote a
term of order nPN, i.e. scaling as c2n, as beingOð2nÞ. The
PN harmonic coordinates are denoted as x ¼ ðct; xiÞ,
latin indices being spatial. Note that the time coordinate
x0 carries a PN counting factor of c, to track the relative
smallness of time variations compared to spatial variations
in PN theory. In addition we denote the antisymmetric
permutation symbol by f; ; ; g, with f0; 1; 2; 3g ¼
þ1. The Levi-Civita tensor is then
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"  1ﬃﬃﬃﬃﬃﬃﬃgp f; ; ; g: (1.2)
The version with indices down is given by
" ¼  ﬃﬃﬃﬃﬃﬃﬃgp f; ; ; g; (1.3)
which can be derived by simply lowering the indices with
g on the upper-index version.
II. SPIN VARIABLES IN GENERAL RELATIVITY
In general relativity the covariant treatment of spin is
somewhat delicate. We propose to start with a discussion of
a few subtleties that one encounters when dealing with
spin, in order to hopefully sweep away from the beginning
any potential confusion regarding our analysis, and also to
provide an intuitive introduction to the topic for the reader
unfamiliar with these issues. For more information and
other recent reviews of treatment of spin in general rela-
tivity and PN theory, the reader may consult Refs. [34,45–
53].
A. Definitions and evolution equations
Our discussion here relies heavily on the presentation by
Wald [54], which in turn is based on the works of
Beiglbo¨ck [55], Madore [56], and Dixon [57]. Consider a
distribution of matter described by some stress-energy
tensor T. At each spacetime event inside the body, i.e.
any x such that TðxÞ  0, one may define a spacelike
surface ðx; nÞ over the support of T such that it is
generated by all geodesics orthogonal to a freely specifi-
able timelike unit vector n defined at x. (This surface is
well-defined as long as its generators do not develop
caustics within the matter distribution; we assume this is
the case for the purpose of our discussion.) We next define









where ½... means antisymmetrization with respect to 
and , y are (integration) coordinates on . It is then
possible to show that at each event x there is a unique
timelike unit vector q collinear with p, i.e.
q½pðx; qÞ ¼ 0: (2.3)
By identifying n ¼ q one selects a preferred spacelike
surface ðxÞ at each event inside the body. (Henceforth
we drop the reference to the choice of normal q in argu-
ments.) With this result in hand, one can then show that
there exists a unique timelike worldline zðÞ such that
pðzÞSðzÞ ¼ 0: (2.4)
A set of kinematical constraints on S like Eq. (2.4) is
called a spin supplementary condition. The spin supple-
mentary condition (2.4) selects a unique worldline adapted
to the matter distribution, which is called the center-of-
mass worldline. Its normalized tangent vector is denoted as
u ¼ dz=d. It is the uniqueness of the worldline defini-
tion (2.4), first suggested by Tulczyjew [58], that makes it
such a natural choice. In the literature other choices of spin
supplementary conditions (and thus different definitions of
center-of-mass worldlines) are sometimes employed; for
example, the condition uS
 ¼ 0 suggested by Pirani
[59]. For a recent review of various spin supplementary
conditions and their link to the selection of a particular
center-of-mass worldline,2 we refer the reader to the paper
of Kyrian and Semera´k [61]. In addition to fixing the
worldline, the spin supplementary condition (2.4) also
reduces the number of independent components of the
antisymmetric tensor S from six to three, the correct
number of independent spin degrees of freedom expected
from Newtonian physics.
By integrating a Taylor-expanded version of the stress-
energy conservation equation rT ¼ 0, one can show









¼ c2½pu  pu; (2.5b)
where R is the Riemann tensor. While the above
arguments are strictly valid for material bodies with non-
vanishing stress-energy tensor, it can be shown that
Eqs. (2.5) can also be applied to black holes (see, for
example, the effective field theory treatment of Porto
[46]). The spin supplementary condition (2.4) also moti-
vates the following definition of a spin 1-form:
S ¼  1
mc
"pS; (2.6)
where the (conserved) mass m is defined through pp ¼
m2c2. The conservation property of the mass so defined
is ensured by system (2.5). The inverse relation is given by
S ¼ 12mc"p
S; (2.7)
which is obtained by requiring Sp
 ¼ 0. Finally we note
that by taking a  derivative of Eq. (2.4), one can derive the
1Here we use Riemann normal coordinates at x to define the
integrals.
2Intuitively, one can see that a link between the selection of a
center-of-mass worldline and the definition of the spin of an
object must exist, since the split of the total angular momentum
into ‘‘spin’’ and ‘‘orbital’’ pieces depends explicitly on the
choice of center-of-mass worldline about which the ‘‘spin’’ piece
is defined, e.g. see Box 5.6 of Ref. [60].
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following relationship between the momentum and the 4-
velocity:
ðpuÞp þm2c2u ¼ 1
2c2
SSuR: (2.8)












 ¼ 0, relation (2.8) between p and u im-
plies the exact equivalence between the two conditions
Sp
 ¼ 0 and Su ¼ 0. Thus one can view the require-
ment Sp
 ¼ Su ¼ 0 as stating that in the frame in-
stantaneously comoving with the spinning particle, the
time component of the spin 1-form equals zero.
B. Post-Newtonian expansion of spin evolution equation
In this paper we specialize to systems where the PN
expansion is applicable. Our next task is thus the treatment
of system (2.5) in the context of PN theory. For our
purposes, it is sufficient to analyze the spin evolution Eq.
(2.5b), as the momentum evolution equation which has
already been well studied (see e.g. Ref. [47]) at the order
we are working at in this paper (2PN). For the remainder of
this paper we use harmonic coordinates.
First of all we rewrite Eq. (2.5b) into an evolution
equation for S. By simply taking a covariant derivative













where Eq. (2.5a) has been used. The next step is to expand
the above evolution equation in the regime where PN
gravity is valid. Since we are concerned with all contribu-
tions from spins at 2PN order in the linear-momentum flux,
we need to check if the right-hand side of Eq. (2.10), which
is quadratic in spin, contributes to the precession equations
at the order required for our computation which is 1.5PN
order. To begin with, it is clear from Eqs. (2.8) and (2.9)
that we may replace p by mcu in Eq. (2.10), as the
corrections introduced by that substitution are well beyond










þ higher PN corrections: (2.11)
We next convert proper time derivatives into coordinate
time derivative to bring Eq. (2.11) closer to the usual form











where the second line follows from the parametrization
u ¼ u0ð1; vi=cÞ, u0 being determined by normalization
and vi ¼ dzi=dt is the coordinate velocity of the center-of-




















As we shall see later in the paper, we require the right-hand
side of Eq. (2.14) to be accurate to 1.5PN order, or Oð3Þ.
The Riemann tensor components are at least Oð2Þ (see, for
example, Weinberg [63]), the spatial components of the 4-
velocity ui are Oð1Þ, u0 is Oð0Þ, and S0 is Oð1Þ. Therefore
the only possibility for the term involving the Riemann
tensor to contribute in our computation is the following:
the index  is spatial, the index  is the time index, the
index  is the time index, and the index  is spatial. This
implies that the indices 	 and must also be spatial due to
the antisymmetry of the Levi-Civita tensor. Thus the po-
tential contribution comes from the components of the
Riemann tensor having the structure Ri0jk. However a direct
computation shows that these components are all Oð3Þ,
which, combined with the presence of ui in front, yields a
total contribution at Oð4Þ. This implies that the leading
contributions of the term involving the Riemann tensor in
the precession equations are Oð4Þ and do not contribute to
our computation.
The remaining term in the right-hand side of Eq. (2.14)
contains the well-known spin-orbit and spin-spin preces-
sion terms. Specializing to a binary system, we obtain that






fðn12  v12ÞS1  2ðv12  S1Þn12
þ ðn12  S1Þðv1  2v2Þg
 1
c3r312
fS2  S1  3ðn12  S2Þðn12  S1Þg; (2.15)
where v12 ¼ v1  v2 is the relative coordinate velocity,
n12 is the unit vector pointing from body 2 to body 1, and
r12 is the coordinate orbital separation. The dot and cross
products are performed with respect to the Euclidean spa-
tial metric. The computation presented here assumes the
connection coefficients appearing in Eq. (2.14) are gener-
ated by the other body only. It has been shown in
Refs. [47,64] that the divergent self-field terms, which arise
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when one uses delta-function sources in the PN field
equations, do not contribute to the precession equations
at the order we are concerned with here. This formally
justifies our streamlined overview of the derivation of the
spin evolution equations which simply ignores these self-
field terms, as one does, for example, in Newtonian phys-
ics. Alternatively one could in principle avoid using delta-
function sources and arrive at the same result from a
surface integral approach, which requires knowledge of
the vacuum field equations alone (see e.g. Ref. [65]). The
result (2.15) was originally obtained in Ref. [66] as the
classical limit of spinning particles in quantum field theory.
The system of Eq. (2.5) applies to the so-called pole-
dipole model of an astrophysical object. When dealing
with systems of Kerr black holes however, system (2.5) is
incomplete as one must include, in principle, the contribu-
tions from all multipole moments of the Kerr black holes.
However for our computations, we only need to include the
contribution of the mass quadrupole moment to the orbital
equations of motion [67,68] and to the precession equa-
tions [35,36]. The precession term induced by quadrupole-









ðn12  S1Þðn12  S1Þ: (2.16)
C. Choice of fundamental spin variable
Based on the discussion of the previous subsection, it
would seem natural to work with the covariant spin vari-
ables ðSAÞi, A ¼ 1, 2, as they are the only quantities
appearing in the precession equations. However, in
Refs. [47,69] the authors computed the ‘‘source multipole
moments’’ in terms of contravariant spin variables. For a
major part of this work, we stick with the same spin
variables used in Refs. [47,69], and define









Combining Eqs. (2.15), (2.16), and (2.17), we obtain the
precession equations in the center-of-mass frame in terms





fðn12  v12Þ S1  2ðv12  S1Þn12 þ ðn12  S1Þ
 ðv1  2v2Þg  1
c3r312

ð S2  S1Þ  3ðn12  S2Þ





In all other sections of the paper, unless otherwise noted,
the spin variables we use refer to the (contravariant) barred
spins defined in Eq. (2.17), even though we do not carry the
bars throughout, for sake of convenience. For complete-
ness we also provide the evolution equations in the center-
of-mass frame, written in terms of the variables


















































































ðn^  SÞ þ ð1 4Þðn^  Þ

ðn^ SÞ þ 3ð1 2Þ










We note that the fundamental spin variables presented here
differ from the ones typically encountered in the literature.
Indeed one can check that the spin evolution Eq. (2.18)
conserves SS, but they do not conserve the magnitude of
a given Kerr hole’s spin SiA
SjA
ij, as defined in its local
asymptotic rest frame. In the literature spin variables which
conserve the magnitude of the Kerr hole’s spin are usually
preferred, so it is essential to relate our spin variables to
spins with constant magnitude, which we denote Sc1;2. In
the center-of-mass frame the relation between our spin
variables and spins with constant magnitude was worked














The corresponding transformation rules for S and  are
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v  Sþ ð1 3Þv  

v; (2.22b)



































































The vacuum spacetime surrounding a PN source of
gravitational radiation can be subdivided into three distinct
regions [70,71], each delimited by specific length scales.
First we have a weak-field near-zone, where the PN ex-
pansion is valid. The near-zone field is parametrized by
source multipole moments, which encode explicit informa-
tion about the source of the radiation. The near-zone ex-
tends out to a size & a typical wavelength of radiation
emitted by the system. At the boundary of the near-zone
begins the local wave zone of the system. The local wave
zone is a region of spacetime where the effects of back-
ground spacetime on wave propagation are negligible, i.e.
one can describe the gravitational field with linearized
gravity around a flat background (asymptotic rest frame
of the source). The gravitational field of the local wave
zone is parametrized by a set of radiative multipole mo-
ments, which can be determined in terms of the source
multipole moments parametrizing the near zone. It is dur-
ing this matching procedure that tail contributions to the
radiative multipole moments of the local wave zone can be
identified [72]. These tail terms contain information on
scattering of the waves off the near-zone curved spacetime.
Outside the local wave zone one finds the distant wave
zone, where one needs to propagate the waves on the
curved spacetime separating the source and the observer.
For example when dealing with mergers of supermassive
black holes at high redshift, cosmological effects on wave
propagation must be taken into account to model the
observed waveform.
In this paper we are concerned with the recoil imparted
to the center-of-mass motion of the source due to the
emission of gravitational waves. Clearly this recoil should
be independent of the large scale details of the background
spacetime into which the source is embedded if the size of
the source is much smaller than background curvature.
This is certainly the case for most localized astrophysical
sources of gravitational waves like binary systems, and
therefore the physics of the recoil should be entirely cap-
tured by the interplay between the near zone and the local
wave zone. The linear momentum carried by the waves
away from the source is essentially due to interference
between different radiative multipole moments. Thorne
[71] gives the complete expression for the linear momen-
tum carried by gravitational radiation as an infinite sum of
couplings between different radiative multipole moments
of the local wave zone.
A. Fundamentals
At 2PN order the explicit expression of the linear-
momentum flux of Thorne [71] in terms of mass and


























































þ tail terms; (3.1)
where IðnÞL and J
ðnÞ
L denote the nth time derivative of IL and
JL. The tail terms are shown explicitly below in Eqs. (3.10)
and (3.11). The core of the computation consists of evalu-
ating the right-hand side of Eq. (3.1) [and also the right-
hand sides of Eqs. (3.10) and (3.11) below] for a binary
system. More specifically, one needs to evaluate the time
derivatives of the source multipole moments,3 substituting
the evolution equations governing the binary’s dynamics
3The specific expressions for all source multipole moments for
binary systems at required order are provided in Appendix A.
The moments Iij, Iijk, and Jij are needed to Oð4Þ accuracy; the
moments Iijkl and Jijk are needed to Oð2Þ accuracy; and the
moments Iijklm and Jijkl are needed at Oð0Þ (Newtonian)
accuracy.
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whenever required. The multipole moments can be split
into orbital contributions (nonspinning) and contributions
linear in the spins as follows4
IL ¼ INSL þ ISL; (3.2a)








































From this decomposition it should be clear that our com-
putation requires the orbital equations of motion at 2PN
order, which include, for spinning binary black holes, spin-
spin and quadrupole-monopole couplings. Also since the
third time derivative of Jij is required at 2PN accuracy, one




at 1.5PN accuracy, which
then implies that the spin precession equations are needed
at 1.5PN accuracy. To achieve that accuracy one needs to
include spin-spin and quadrupole-monopole couplings in
the precession equations in addition to the leading-order
spin-orbit term [35,36].
The equation of motion in harmonic coordinates for the
relative orbital separation x ¼ rn^ at 2PN order is the
following [34,67]:



















ð1þ 3Þv2  3
2
 _r2  2ð2þ Þm
r
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f½ðS1  S2Þ  5ðn^  S1Þðn^  S2Þn^þ ðn^  S2ÞS1 þ ðn^  S1ÞS2g; (3.5e)





S21 þ qS22 
5
q






ðn^  S1ÞS1 þ qðn^  S2ÞS2

: (3.5f)
Above v ¼ _x is the coordinate relative velocity. Equation
(3.5f) follows from Ref. [67]. Equations (3.5) are only
valid in the center-of-mass frame of the binary. The exis-
tence of this center-of-mass frame stems from the fact that
the general 2PN equations of motion for a binary system
composed of spinning bodies admit two conserved spatial
3-vectors K and P such that the combination G ¼K þ
Pt can be interpreted as the coordinate location of the
center-of-mass. Thus the conserved 3-vector P is inter-
preted as the center-of-mass coordinate velocity. It is pos-
sible to show [47] that one can perform a (2PN accurate)
Poincare´ transformation, under which the 2PN equations of
motion are invariant, such that in the new coordinate
systems one has K 0 þP 0t ¼ 0. This new coordinate sys-
tem is defined as the 2PN center-of-mass frame of the
binary.5 Note however that if one were to include dissipa-
tive (radiation-reaction) terms to the equations of motion,
one would find thatP is not conserved anymore, leading to
a radiation-reaction induced recoil, which we compute
here using instead the classic balance argument.
4Note that at 2PN order one should include the mass quadru-
pole moment of each Kerr black hole into Iij. In Appendix Awe
explain why the individual quadrupole moments do not contrib-
ute to the linear-momentum flux at 2PN order.
5In Ref. [47] the center-of-mass frame is computed taking into
account effects linear in spins alone. However, since the linear-
momentum flux scales overall as c7, it should be possible to
find a Poincare´ transformation which takes us to the center-of-
mass frame at 3PN accuracy including all spin contributions.
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Given thatm1;2 and S1;2 are the masses and spins of each
black hole, the symbols appearing in Eq. (3.5) are defined
as
m ¼ m1 þm2; (3.6a)

















It is also interesting to note that by introducing the vector












one may quite neatly combine aS1S2 and aQM as follows
a SS  aS1S2 þ aQM
¼  3
2mr4
f½S20  5ðn^  S0Þ2n^þ 2ðn^  S0ÞS0g:
(3.8)
This simple expression can actually be derived easily from
the spin-spin Hamiltonian for binary black holes computed
by Damour [36], which depends solely on the spin combi-
nation S0 (and orbital elements of course). However for
objects other than the Kerr black holes of general relativity,
Eq. (3.8) does not hold since the relationship between their
mass quadrupole moment and their spin is different from
that of a Kerr black hole.
The tails terms are composed of two main contributions,
the nonspinning tail terms and the spin-orbit tail terms,







































































































































In Eq. (3.10), one may use the multipole moments at
Newtonian order only, i.e. IL ! ILNS
0
and JL ! JLNS
0
, and the
time derivatives are evaluated using the Newtonian equa-
tion of motion. In Eq. (3.11), however, one substitutes the
0.5PN expression for the current multipole moment Jkl, i.e.
Jkl ! c1JklS
1
, and evaluates all time derivatives using again
the Newtonian equation of motion. The spin precession
equation is not needed to evaluate the spin-orbit tail terms.
B. Results for generic orbits



























































The new terms that we provide in this paper are the next-to-
leading spin-orbit terms (NL SO) at 1.5PN, the terms
quadratic in spins at 2PN order, and the spin-orbit tail
terms at 2PN order. We evaluate the spin-orbit tail terms
explicitly only when reducing to quasicircular orbits in the
next section.
The expressions for each flux contribution in Eq. (3.12)
can be quite involved, so we split each term into compo-























and provide explicit expressions for each coefficient to
avoid very lengthy formulas. Again we provide explicit
results for the instantaneous linear-momentum flux only,
and leave the evaluation of the tail contributions when
specializing to quasicircular orbits later on. Our results




































Equations (3.14) match the results of Kidder [34]. The
leading-order spin-orbit flux is given by















































6ð851 779Þv4  6ð2834 1877Þ _r2v2  3ð4385 956Þm
r
v2
þ 6ð1843 1036Þ _r4 þ ð12 301 1168Þm
r


















111ð25 28Þv4 þ 30ð392 257Þv2 _r2 þ 9ð907 162Þm
r
v2
 3ð2663 1394Þ _r4  3ð2699þ 10Þm
r





As mentioned in the introduction Wiseman [32] originally computed the 1PN linear-momentum flux, but his results are
presented in a format which makes it quite complicated to compare with our expression, and so we did not perform that












226ð14 53Þv2  6ð522 1973Þ _r2 þ ð503 1817Þm
r






1466v2  1497 _r2 þ 265m
r














ð3968 15 017Þv2  3ð1274 4787Þ _r2 þ ð697 2503Þm
r






7985v2  8043 _r2 þ 2176m
r
























1628v2  1821 _r2  212m
r

ðn^  SÞ þ

























2ð661 484Þv4  3ð3385 3094Þ _r2v2 þ 5ð233 596Þm
r



















1469v4  7491 _r2v2 þ 412m
r








































These next-to-leading order spin-orbit contributions to the linear-momentum flux are new. The contributions at 2PN order
contain terms independent of the spins and terms quadratic in spins. We first give the nonspinning terms
















3ð2040 187 945þ 149 9362Þv6 þ 3ð42 464þ 900 359 503 0402Þ _r2v4
 3ð229 227 458 683þ 178 8732Þm
r
v4  24ð5363þ 150 719 65 6042Þ _r4v2
þ ð2 634 273 4 982 252þ 1 391 4032Þm
r




þ 60ð84þ 24 713 87922Þ _r6  3ð658 810 1 128 391þ 259 2362Þm
r






















18ð15 482 54 215þ 45 9282Þv6 þ 18ð73 439 307 240þ 153 1802Þ _r2v4
þ 9ð141 321 214 813þ 80 1732Þm
r
v4  18ð121 084 429 935þ 153 6422Þ _r4v2
 9ð599 979 979 482þ 221 8512Þm
r




þ 18ð61 339 177 850þ 48 7822Þ _r6 þ 3ð1 448 844 2 083 359þ 336 2322Þm
r
_r4
þ 6ð381 131 62 105 10 8552Þm
2
r2





As far as we are aware, expression (3.18) for the 2PN nonspinning linear-momentum flux for generic orbits has not been
reported before. When specialized to quasicircular orbits, expression (3.18) matches the one of BQW. Finally we present
the 2PN contributions to the linear-momentum flux that are quadratic in spins. These terms have never been computed
















½ _rð85þ 98Þðn^ Þ þ ð13 16Þðv Þ þ 2 _rð37þ 98Þðn^ SÞ  2ð11þ 16Þðv SÞ

 ½ðn^vÞ  þ 6

_rð47þ 196Þðn^ Þ þ 8ð7 4Þðv Þ þ 2
m
m
½49 _rðn^ SÞ þ 8ðv SÞ

 ½ðn^vÞ S 

3v2 150 _r2þ 4m
r



























 3ð389þ 88Þ _r2þ 8ð5 18Þm
r

ðv Þ þ 2 _r

6ð347þ 202Þv2 3ð849þ 548Þ _r2þ ð187 720Þm
r

 ðn^ SÞ  2






























 3ð389þ 88Þ _r2þ 8ð5 18Þm
r

ðv Þ þ 2 _r

6ð347þ 202Þv2 3ð849þ 548Þ _r2þ ð187 720Þm
r

 ðn^ SÞ  2






























 3ð2077 8064Þ _r2 þ 2ð361 1584Þm
r













ð2773 8884Þv2  15ð233 840Þ _r2 þ 6ð45 188Þm
r






 12ð319 1775Þ _r2 þ 32ð2 9Þm
r

ðn^ Þðv Þ  3 _r 
m
m
ð87þ 1240Þðv Þ2 þ 3 _rð423 4960Þ
 ðv  SÞðv Þ þ 3720 _r 
m
m
ðv  SÞ2  3 _r





ðn^ Þðn^  SÞ þ

3ð1545 4432Þv2  3ð4361 14 200Þ _r2 þ ð14 576Þm
r

 ðn^ Þðv  SÞ þ

24ð117 554Þv2  3ð2471 14 200Þ _r2  4ð7þ 144Þm
r

ðn^  SÞðv Þ




2221v2  3150 _r2 þ 282m
r





554v2  1775 _r2 þ 24m
r
























 9ð443 1 792Þ _r2 þ 2ð361 1440Þm
r













3ð1223 4404Þv2  3ð2043 7616Þ _r2 þ 4ð143 576Þm
r





 ðn^ Þðv Þ  3
m
m
ð3 664Þðv Þ2 þ 4





ðn^ Þðn^  SÞ þ 6 _rð1171 3672Þðn^ Þðv  SÞ þ 3 _rð1607 7344Þðn^  SÞðv Þ




1101v2  1904 _r2 þ 192m
r

ðn^  SÞ2 þ 11 016 _r 
m
m

































101v2  137 _r2  60m
r























21v2 þ 39 _r2 þ 4m
r





93v2 þ 93 _r2  2m
r




















 ðn^ vÞ: (3.19g)
This concludes the presentation of our results for generic
orbits. We remind the reader that the spins appearing in all
the formulas of this section are the (contravariant) barred
spins of Sec. II C. Since the difference between the barred
spins of Sec. II C and the more often encountered spins
with constant magnitude is at 1PN order, i.e. an Oð2Þ
difference, and linear in the spins, only the next-lo-leading
order spin-orbit linear-momentum flux components given
by Eqs. (3.17) are affected by this change of variables.
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IV. REDUCTION TO APPROXIMATE CIRCULAR
ORBITS
In binary systems where spins are dynamically negli-
gible, it is well known that emission of gravitational radia-
tion pushes the eccentricity of the instantaneous osculating
orbit toward zero. In PN theory of point-particles this
osculating orbit is simply found by setting _r ¼ 0 and
solving the resulting equation of motion for the angular
frequency, which leads to the familiar PN generalized
Kepler’s law. When spins are present, however, exact
circular motion is not a solution to the equations of motion
generically.6 But since the spin-orbit and spin-spin accel-
erations terms responsible for the absence of exact circular
motion are of 1.5PN and 2PN order, respectively, it is still
expected that the instantaneous osculating orbit of a black
hole binary should be nearly circular when entering the
LIGO band.
Following Poisson [67], we describe this nearly circular
motion by treating the spin-dependent acceleration terms
as a perturbation, and linearize about circular motion. This
procedure is straightforward and leads to the following
time-dependent expressions for the orbital separation and
frequency, which are derived in Appendix B :
rðtÞ ¼ rþ 1
4m2 r
½ð^  Sc0Þ2  ðn^  Sc0Þ2; (4.1a)
!ðtÞ ¼ !þ !
4m2 r2
½ð^  Sc0Þ2  ðn^  Sc0Þ2: (4.1b)
Above r and ! are the orbital averages of rðtÞ and!ðtÞ, and
the vector ^ is given by
^ ¼ L^N  n^; (4.2)
with L^N ¼ ðn^ vÞ=jn^ vj, so that n^, ^ and L^N form a
right-handed orthonormal basis. In this section we express
all our results in terms of spin variables with constant
magnitudes [47,69]. The averages r and ! are related by
a modified version of Kepler’s law given by










































































where x ¼ ðm !Þ2=3 following BQW. Lastly the orbital
velocity is expressed as
v ¼ _rðtÞn^þ!ðtÞrðtÞ^: (4.5)
At 2PN accuracy we can drop _r2 as it is a 4PN quantity, i.e.
Oð8Þ, and we have
v2 ¼ !2ðtÞr2ðtÞ: (4.6)
A. Instantaneous linear-momentum flux
To obtain the linear-momentum flux in the limit of
quasicircular orbits, one substitutes Eqs. (4.1) and (4.5),
and then the PN expansion (4.4) into Eqs. (3.14), (3.15),
(3.16), (3.17), (3.18), and (3.19). The nonspinning contri-





































Equation (4.7) matches the instantaneous flux of BQW.
This provides a good consistency check of our computa-
tions. The contributions to the linear-momentum flux de-
pending on the spins are
6The exception is when spins are collinear with the orbital
angular momentum.















































































































































where we have projected the remaining components along
Sc, c, n^ Sc, and n^c on the orthonormal basis
formed by n^, ^, and L^N. This concludes our discussion
of the instantaneous linear-momentum flux in the limit of
quasicircular orbits.
B. Tail contributions to the linear-momentum flux
The tail contributions to the linear-momentum flux are
formally given by Eqs. (3.10) and (3.11). Since the tails
contribute at 1.5PN order (nonspinning terms) and at 2PN
order (spin-orbit terms), the precession dynamics can be
dropped for the purpose of computing these terms. One can
easily see this as follows. The orbital plane precession
originates from the spin-orbit acceleration aSO, and there-
fore introduces 1.5PN relative corrections to the nonspin-
ning tails. These corrections thus contribute at 3PN in the
flux. Similarly the spin precession dynamics introduce 1PN
relative corrections to the spin-orbit tail, and thus also
show up at 3PN in the flux. For quasicircular orbits, the
fact that we can ignore precession effects when computing
tails implies that we can parametrize the unit vectors n^ and
^ on a convenient time-independent triad as
n^ðtÞ ¼ ðcosðtÞ; sinðtÞ; 0Þ; (4.10a)
^ðtÞ ¼ ð sinðtÞ; cosðtÞ; 0Þ; (4.10b)
where ðtÞ is the orbital phase as function of time. For the
purpose of evaluating the tail integrals (3.10) and (3.11), it
is useful to express the unit vectors n^ðÞ and ^ðÞ, which
depend on the integration variable , as linear combina-
tions of n^ðtÞ and ^ðtÞ. Doing so allows one to pull vector
quantities outside of the integral over . These linear
combinations are
n^ðÞ ¼ cos½ðtÞ ðÞn^ðtÞ  sin½ðtÞ ðÞ^ðtÞ;
(4.11a)
^ðÞ ¼ sin½ðtÞ ðÞn^ðtÞ þ cos½ðtÞ ðÞ^ðtÞ:
(4.11b)
In evaluating the time derivatives of the source multipole
moments appearing in (3.10) and (3.11), it is sufficiently
accurate to substitute the Newtonian equations of motion
when necessary. The nonspinning tail contributions at
1.5PN order have been reported by BQW, but we review
in detail their computation for sake of completeness, and
also as a methodology check for our computation of the
new tail terms involving the spins. We begin with the
1.5PN nonspinning tail terms. As a first step, one must
first compute the index contractions appearing in



















x17=2f½ cosð’Þ þ 3645 cosð3’Þ^ðtÞ þ ½sinð’Þ þ 3645 sinð3’Þn^ðtÞgi; (4.12b)
ijkI
ð3Þ






x17=2fcosð’Þ^ðtÞ  sinð’Þn^ðtÞgi; (4.12c)
ijkJ
ð3Þ






x17=2fcosð2’Þ^ðtÞ þ sinð2’Þn^ðtÞgi: (4.12d)
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It is well known [73] that even though the tail integrals
extend throughout the entire history of the binary, it is
sufficient here to use the instantaneous Newtonian dynam-
ics of the binary neglecting spin effects and radiation-
reaction (adiabatic approximation) in order to evaluate
the tails. Thus we may substitute 
 ¼ !t ! in
Eqs. (4.12), with the orbital frequency! assumed constant.


















where E is the Euler-Mascheroni constant. We provide a
derivation of this essential expression for the unfamiliar
reader in Appendix C. The scale B in the logarithm kernel
for each tail integral appearing in Eq. (3.10) is equal to
be11=12, be97=60, be7=6, and be11=12, respectively.

































Equations. (4.14) and (4.15) match the results of BQW. We
will discuss the terms proportional to the logarithm of the
orbital frequency in more details shortly. We move on to
the computation of the tail terms linear in the spins. We








þ sinð’Þð^cÞiþ ½cosð’Þð^ cÞ
 sinð’Þðn^ cÞðL^NÞig; (4.16a)
ijkJ
ð3Þ




 sinð2’Þð^cÞiþ ½cosð2’Þð^ cÞ
þ sinð2’Þðn^ cÞðL^NÞig: (4.16b)
Again using the adiabatic approximation, which here also
assumes that the spins are kept constant, the errors made
being of 1PN relative order from the spin precession


























 3 ln2 E

: (4.18)
The leading spin-orbit contribution to the linear-










½ð^ cÞL^N þ ðn^cÞ; (4.19)

























where the derivative @ refers to parametrization of the
vectors n^ and ^ in terms of the orbital phase displayed in
Eqs. (4.10). It becomes clear that the tail terms logarithmic
in frequency can be absorbed in the leading-order spin-
orbit flux by reparametrizing n^ and ^ with a different
phase variable c SO defined as








where we have displayed explicitly the PN scaling of the
phase modulation. The crucial point is to realize that the
phase modulation induced by the tail terms is a 4PN
relative correction to the orbital phase, as one can verify
by taking a time derivative of Eq. (4.21). Indeed one finds











Since _! c5, the second term above scales as c8, which
shows explicitly that it is a 4PN relative correction. Since
we work only at 2PN order in this paper, we ignore this
phase modulation henceforth. A similar argument is made
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in BQW regarding the terms that are logarithmic in fre-
quency in the nonspinning tails, i.e. they can be absorbed
into a 4PN phase modulation in the leading-order non-
spinning linear-momentum flux. This completes our dis-
cussion of the tail contributions to the linear-momentum
flux at 2PN order.
C. Estimate of kick velocity
We now estimate the kick velocity of spinning black
hole binaries moving along quasicircular orbits using the
2PN linear-momentum flux computed in the previous sec-
tion. Since we work at 2PN accuracy, we may consider the
orbital frequency as constant when integrating the momen-
tum flux in all terms except the Newtonian momentum
flux. When integrating the Newtonian momentum flux, one
must use Eq. (4.1b) for the orbital frequency. Next, since
the precession equations are of the form Oð2Þ þOð3Þ, we
cannot ignore the time dependence of the spins in theOð1Þ
spin-orbit linear-momentum flux, as that time dependence
generates extra terms of orderOð3Þ andOð4Þ. On the other
hand, the spins may be considered as constant in the Oð3Þ
and Oð4Þ terms of the linear-momentum flux, since the
precession equations generates extra terms scaling at least
as Oð5Þ. Similarly we cannot ignore the time dependence
of L^N due to precession in theOð1Þ momentum flux, but it
can be dropped in the Oð3Þ and Oð4Þ pieces.
To required accuracy, the (indefinite) integrals involving




















n^ijkdt ¼  1
3 !





























Equation (4.23a), required for integrating the Newtonian
flux, is obtained by integrating by parts using the exact
expression ^ ¼ !1ðtÞ _^n and using Eq. (4.1b) for !ðtÞ.
The integrals involving the spin-orbit flux at 0.5PN order




















One can then substitute the evolution equation for L^kN,




and Eqs. (2.23a) and (2.23b) for Sc andc, respectively, in
the integrals (4.24) and perform them explicitly by keeping
the spins constant and using Eqs. (4.23a)–(4.23e). The kick






Defining the overall multiplicative factor




so that V ¼ VNV^, we can split the kick velocity into the

































where we also included the nonspinning tail term from
Ref. [33], and



































































































































































































D. Special binary configurations
We investigate here special mass and spin configurations
for which the recoil velocity has been computed in numeri-
cal simulations.
The recoil velocity (4.29) we calculated within the PN
formalism refers only to that portion of the total recoil
accumulated during the inspiral phase. As shown in nu-
merical simulations [15–17,19–27], and predicted analyti-
cally in Ref. [37] within the effective-one-body model
[40,41], the majority of the recoil velocity is produced
during the plunge, merger, and ringdown phases. Quite
interestingly, depending on the black holes’ mass and
spin, the integrated recoil velocity can reach a peak value
(around merger) before decreasing to a final, smaller ve-
locity asymptotically. The difference between the final
kick and the kick at the peak is generally denoted as
antikick. Reference [38] showed that the amount of anti-
kick depends on the way the different modes of the linear-
momentum flux combine either constructively or destruc-
tively during the ringdown phase. While Eq. (4.29) only
applies to the inspiral portion, if anything, pushing
Eq. (4.29) until the merger might still give a rough estimate
of the recoil velocity at the peak, which is not necessarily
the same as the final, total recoil.
By contrast, if we are interested in predicting analyti-
cally and with high accuracy the total recoil velocity we
cannot rely on the PN-expanded Eqs. (4.29). We would
need to resum the linear-momentum flux or the multipole
moments and build nonperturbative expressions which
capture the correct results until merger, and augment
them by the ringdown phase. This approach is followed
in the effective-one-body model [37,40,41].
1. Spins collinear with orbital angular momentum
If the spins are collinear with the orbital angular mo-
mentum, then the projections of the spins along n^ and ^
vanish, leaving
V^^S ¼ 0; (4.30a)












































For such configurations the total kick velocity lies entirely along n^. Let us specialize Eq. (4.30) to an equal mass binary

m ¼ 0,  ¼ 1=4, for which the individual spins are equal in magnitude but opposite in direction, such that Sc ¼ 0 and
jcj=m2 ¼  ¼ dimensionless spin of each individual hole. Since 
m ¼ 0 the nonspinning and spin-spin kick contribu-
tions vanish, and the total kick reduces to
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where denotes whetherc is aligned or antialigned with
L^N. The recoil velocity for this binary configuration has
been computed in several numerical simulations [15–
17,24]; since it has negligible antikick (e.g., see Fig. 2 in
Ref. [16]), the recoil velocity at the peak is close to the
final, total recoil. The latter was estimated to be 
450 km= sec . As explained above, Eq. (4.31) can predict
only the recoil velocity around the peak. Since the choice
of orbital frequency at which to compute Eq. (4.31) is
rather arbitrary, we choose the range m ! ¼ x3=2 
0:15–0:25, spanning the orbital frequencies when in the
effective-one-body model the ringdown phase is joined to
the inspiral phase. The location of the latter depends on the
black holes’ mass and spin. From Eq. (4.31) we obtain
jVkickj  114–730 km= sec , which brackets the numeri-
cal result, but has large deviations from it.
In Ref. [16] numerical simulations were also carried out
relaxing the condition Sc ¼ 0. In this case the magnitude
for the kick velocity is given by



















Notice here that there are nonzero spin-spin contributions
to the kick. In Ref. [16], it is demonstrated that while the
measured recoil velocities are not very well approximated
by the original Kidder kick formula [34], the addition of
terms quadratic in spin to the Kidder fitting formula pro-
vides very good matching to numerical data. The fitting








fðyÞ ¼ 109:3 132:5yþ 23:1y2 km=s: (4.34)
Given a fixed 2, the authors of Ref. [16] show that
Eqs. (4.33) and (4.34) help to reduce the fit residuals
from 20 km=s (Kidder formula) to 5 km=s. However it
should be pointed out here that the functional form of
Eqs. (4.33) and (4.34) is not invariant under interchange
of particle labels.7 As was highlighted in Ref. [74], this
fundamental symmetry provides a guiding principle for
building a viable kick velocity fitting formula over the
entire binary parameter space. The fit provided in
Eq. (4.34) is derived from a series of simulations where
2 is kept constant (equal to 0:584) and 1 is varied.
Thus, there must remain some hidden dependence on 2 in
the numerical coefficients in Eq. (4.34) so that particle
label’s symmetry is satisfied. Indeed our expression
(4.32) suggests the following alternative fitting formula
(see also Ref. [75]):
jVkickj ¼ j1  2j½d1 þ d2ð1 þ 2Þ
¼ j2j½d1ð1 yÞ þ 2d2ð1 y2Þ; (4.35)
where y ¼ 1=2 (with jyj< 1), and where d1 and d2 are
constants determined from the data of Ref. [16], the results
being
d1 ¼ 226:9 km=s;(4.36a)
d2 ¼ 67:8 km=s: (4.36b)
Note that this modified fit does not change the maximum
kick value of 450 km=s, obtained when 1 ¼ 2 ¼
1. Nevertheless Eqs. (4.35) and (4.36) may provide better
results than Eqs. (4.33) and (4.34) when both 1 and 2 are
varied.
2. Spins perpendicular with orbital angular momentum
Let us now investigate the so-called superkick configu-
ration studied in several numerical simulations [20–22,24–
27]. We specialize Eq. (4.29) to the case of an equal mass
binary 
m ¼ 0,  ¼ 1=4, for which the individual spins
are equal in magnitude but opposite in direction, i.e., Sc ¼
0 and jcj=m2 ¼  ¼ dimensionless spin of each individ-
ual hole. The spins lie initially on the orbital plane. For this
particular spin configuration, the precession Eqs. (2.23a)
and (2.23b) ensure that the total spin remains zero and that
c remains in the orbital plane for all time, precluding
precession of the orbital plane. In this case the nonspinning
kick vanishes, as well as the spin contributions along n^ and
^, leaving the contribution along L^N as the lone nonzero
term. The total kick velocity is thus entirely out of the












where ’ is the angle between c and n^. For this binary
configuration, the antikick is absent (e.g., see Fig. 17 in
Ref. [38]). Thus the recoil velocity at the peak (around
merger) is close to the final, total recoil. As done in
Sec. IVD1, we estimate the recoil velocity at the peak
from Eq. (4.37) varying the orbital frequency in the range
m ! 0:15–0:25. Maximizing on ’ we obtain jVkickj 
357–2300 km= sec . Thus, even the maximum value ob-
tained for maximal spins 2300 km= sec is somewhat below
the value 4000 km=s predicted by the numerical simula-
tion. (Note that due to the fast increase of the recoil
velocity at high frequency, had we computed the recoil at
m ! 0:3, we would have obtained 4527 km= sec .) While
Eq. (4.37) for the kick velocity might not be quite trust-
worthy at such high orbital frequencies, it is worth noting
that the higher-order spin terms computed in this paper
increase the recoil velocity by a factor 1:5–2:7 with
respect to the leading-order spin term computed by
7Note however that Eq. (4.32) clearly is invariant under a
relabeling of the black holes.
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Kidder [34], i.e., with respect to the 2=15 term in
Eq. (4.37). Notice also that the kick predicted by PN theory
for this superkick configuration is linear in the spins, i.e. all
spin-spin terms vanish in that configuration.
It is interesting to note that the quasicircular radiation-
reaction force in the superkick configuration could be
deduced from Eqs. (3.15) and (3.17) using linear-
momentum balance arguments. For example at leading
PN order, Eq. (3.15) says that the radiation-reaction force
is normal to the orbital plane and changes sign as the spins
precess on the orbital plane. It reaches its maximum value
when the spins are collinear with the instantaneous orbital
velocity vector ^, and it is zero when the spins are per-
pendicular to ^. This radiation-reaction force causes the
binary center-of-mass to oscillate with increasing ampli-
tude up and down along the direction perpendicular to the
initial position of the orbital plane. The magnitude and
direction of the recoil velocity normal to the orbital plane is
ultimately determined by where in the orbit the end of the
inspiral (i.e., the merger) occurs. This picture was also
suggested in Ref. [76] (see Fig. 5 therein) although there
the argument is constructed using the conservative dynam-
ics. Because of that reason it is not clear to us how the
picture of Ref. [76] carries over to the radiation-reaction
force. However since both Ref. [76] and ourselves arrive at
(qualitatively) the same result, we suspect there must exist
a relationship between the radiation-reaction force driving
the recoil and the conservative force responsible for frame
dragging, although we are unaware of any explicit formu-
lation of that correspondance.
3. Out-of-plane kick for generic configurations
Here we rewrite Eq. (4.29c) in terms of individual di-
mensionless spins A ¼ SA=m2A (omitting the c super-
scripts here for sake clarity of notation below) to provide a
formula that can be used when comparing to numerical
simulations, and also to shed some light in the recent
controversy of whether the recoil velocity out-of-plane
scales like 2 [27] or 3 [21,27].
If we define the angles  and  as follows
n^  ¼ ? cos; (4.38a)
n^  S ¼ S? cos; (4.38b)
where




2  q?1 j; (4.39a)




2 þ q2?1 j;
(4.39b)
where ?A ¼ A  ðL^N  AÞL^N, then the component of
the kick along the orbital angular momentum axis can be
rewritten as




2  q?1 j


































































The quantities kA are equal to A  L^N. Thus, the out-of-
plane recoil velocity has a non trivial dependence on 
when higher-order PN corrections are included. The domi-
nant contribution scales as 2, but there are additional non-
negligible contributions scaling as 3.
V. ENERGYAND ANGULAR MOMENTUM
FLUXES
To provide further checks on our methodology, we
provide here a (complementary) computation of the energy
and angular momentum fluxes at 2PN order for spinning
binary black holes, including all spin contributions. The




























































































where the tail terms are8
8In Ref. [77], Eq. (83) for the angular momentum tail integral
is missing the ‘‘I2I5’’ term. This is only a typo, as their
computations take that term into account. Equation (3.10) in
Ref. [78] is quoting Eq. (83) of Ref. [77] and carries the same
typo.







































þ Ið3Þkl ðtÞIð4Þjl ðÞg: (5.3)
We note here that throughout this section S and  can be
freely interchanged with Sc and c, as the differences
generated by this substitution appear only at (relative)
2.5PN order in the energy and angular momentum fluxes.
A. Main results
The nonspinning contributions up to 2PN order and
spin-orbit contributions at 1.5PN order to the energy and
angular momentum fluxes are all well known. Our goal
here is to compute the 2PN terms quadratic in spins in the
energy and angular momentum fluxes, so only a handful of
terms from Eqs. (5.1) contribute. Since the spin-spin ac-
celeration depends solely on the spin combination S0, it
turns to be much more natural to write the fluxes in terms of
S0 and instead of S and.










f4ð12v2  13 _r2ÞS20  8ð21v2  34 _r2Þ
 ðn^  S0Þ2 þ 24ðv  S0Þ2  116 _rðn^  S0Þ
 ðv  S0Þ þ ðv2 þ 3 _r2ÞðÞ2 þ 3 _r2ðn^ Þ2
þ 1
3


























ðn^vÞiþ6mr ½ðv _rn^Þ S0ðn^S0Þiþ
m
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One important check of our computations is provided by
the limiting case of a test-mass orbiting a Kerr black hole.
In Ref. [43], Tagoshi et al. computed a PN expansion of the
energy flux produced by a test mass in a circular equatorial
orbit around a Kerr black hole obtained via the Teukolsky
formalism. In this section we show that our energy flux
matches the expression of [43] at 2PN order. Restricting
attention to circular orbits in the equatorial plane, one can
solve for the orbital angular frequency ! using Eqs. (3.5)




























where  is the dimensionless spin of the Kerr hole, which
is denoted by q in Ref. [43]. Since it is an observable
encoded in the gravitational radiation observed at null
infinity, the orbital frequency is a gauge invariant quantity.
We can therefore use it to relate the harmonic gauge radial
coordinate r of PN theory to the Boyer-Lindquist radial
coordinate r0 of Ref. [43]. Defining v ¼ ðm=r0Þ1=2,
Tagoshi et al. found10
! ¼ 1
m
v3½1 v3 þOðv6Þ: (5.7)
Equating Eqs. (5.6) and (5.7), one obtains, to 2PN accu-













Substituting _r ¼ 0 and v ¼ !r into Eq. (5.4) for the en-
ergy flux, and supplementing the resulting expression with
all other contributing terms at 2PN order [see e.g. Ref. [48],
ignoring however Eq. (F17) for the spin-spin energy flux,
which is incomplete], one can verify straightforwardly,
making use of Eqs. (5.7) and (5.8), that the resulting energy



























which precisely matches Eq. (3.40) of Ref. [43] computed
from black hole perturbation theory. The 4 term at 1.5PN
10The quantity v defined in Ref. [43] is not to be confused with
the orbital velocity v of PN theory.
9The reason why it is not necessarily advantageous to switch
from S to S0 in the case of the linear-momentum flux is that the
spin-spin orbital acceleration is just one contribution among a lot
of other contributions that do not simplify when written in terms
of S0. However in the case of the energy and angular momentum
fluxes the spin-spin orbital acceleration is the dominant contri-
bution (in number of terms). We find that the spin-spin terms in
the energy and angular momentum fluxes simplify drastically
when expressed in terms of S0 rather than S.
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order is the contribution from the tail integral given by
Eq. (5.2). The corresponding computation of the angular
momentum flux is straightforward, the additional terms




























By using Eq. (5.7) together with Eq. (5.9), one can rewrite








which verifies Eq. (3.41) of Ref. [43].
C. Evolution of the orbital frequency
We compute here the evolution equation for the orbital
frequency, derived from the usual energy balance argument
and specialized to quasicircular orbits. The balance argu-











where dE=dt is given by Eq. (5.1a) and where Eorbð!Þ is
the orbital energy. The orbital energy, which is conserved
by the 2PN orbital dynamics defined by Eqs. (3.5), is given
by














































































Reducing Eqs. (5.4) and (5.14) to circular orbits following
the same prescription as performed in Sec. IV for the
linear-momentum flux, substituting the results into



















































L^N  A (5.16)
and where




















































½719ðL^N  AÞ2  2332A (5.17)
In Eqs. (5.16) and (5.17), we have A ¼ SA=m2A. The term
involving the sum over A in Eq. (5.17) is generally omitted
in the literature, but does indeed contribute at the same
order as the 12 piece. It should therefore be included in
templates for spinning binary black holes. Equation (5.17)
is equivalent to the sum of Eqs. (9b), (9c), and (9d) of
Ref. [44], when the quadrupole moment of a Kerr black
hole is substituted into Eq. (9d). This completes our report
on energy and angular momentum fluxes at 2PN for spin-
ning binaries.
VI. CONCLUSIONS
In this paper we computed the linear-momentum flux
carried by gravitational waves emitted from spinning bi-
nary black holes at 2PN order for generic orbits, notably
the next-to-leading order spin-orbit terms at 1.5PN order,
spin-orbit tail terms at 2PN order, and spin-spin terms at
2PN order. In addition, as far as we know, the 2PN non-
spinning terms for generic orbits we provide do not seem
appear in the literature. We also performed the reduction to
quasicircular orbits and integrated the simplified flux over
time to obtain the kick velocity as a function of orbital
frequency. We specialized our formula for the kick velocity
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of equal mass binary configurations where the spins are
equal in magnitude, opposite in direction, and are either
collinear with the orbital angular momentum or lying in the
orbital plane. In particular, we found that in the so-called
superkick configuration the higher-order spin corrections
computed in this paper can increase the recoil velocity up
to a factor 3 with respect to the leading-order PN
prediction.
Comparisons between PN and numerical relativity re-
sults for the gravitational-wave energy flux have already
shown that when the latter is computed for quasicircular
orbits in the adiabatic approximation, as done in this paper
for the linear-momentum flux, it tends to overestimate the
numerical energy flux during the last stages of inspiral and
plunge [79]. Similar conclusions can be drawn here for the
linear-momentum flux.
The PN expressions for the linear-momentum flux can
be used to grasp which asymmetry in the parameter space
can produce the recoil velocity, or suggest phenomenologi-
cal formulas describing numerical-relativity results
[19,21,24,27]. However, not surprisingly, the fast increase
during the late inspiral and plunge, and the arbitrariness in
determining until when those formulas should be trusted,
make the PN predictions not very accurate and robust for
predicting the recoil velocity at the peak. By contrast, the
computation of the linear-momentum flux at higher PN
orders is crucial for building more reliable resummed
expressions aimed at capturing the nonperturbative effects
until merger [37,39–41] and predict the total recoil
velocity.
We also provided expressions valid for generic orbits,
and accurate at 2PN order, for the energy and angular
momentum carried by gravitational waves emitted from
spinning binary black holes. Specializing to quasicircular
orbits we computed the derivative of the orbital frequency
through 2PN order, and found agreement with results of
Miko´czi, Vasu´th, and Gergely [44]. We also verified that in
the limit of extreme mass ratio our expressions for the
energy and angular momentum fluxes match the results
of Tagoshi et al. [43] obtained in the context of black hole
perturbation theory.
It would certainly be quite interesting to extend this
computation to 3PN order to provide more refined esti-
mates of the recoil velocity accumulated during the inspiral
and build more accurate resummed expressions. This
would require the computation of several new source mul-
tipole moments. In addition the 3PN acceleration and 3PN
spin precession equations currently available in the litera-
ture [49–53] would need to be computed in harmonic
gauge.
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APPENDIX A: SOURCE MULTIPOLE MOMENTS
Here we list all source multipole moments required for
our computations. The expressions below are only valid in
the center-of-mass frame. The mass moments Iij and Iijk,
along with the current moment Jij are needed at Oð4Þ
(2PN) accuracy. The mass moment Iijkl and the current
moment Jijk are required at Oð2Þ (1PN) accuracy, and the
moments Iijklm and Jijkl are needed at Oð0Þ (Newtonian)
accuracy. We denote with hi . . . ji the symmetric trace-free

























































































































































































































































































































































































































































































































































































































































mð1 2Þðx vÞhixjkli: (A7)
It is important to note here that in principle there should
also be a contribution in Iij at 2PN order from the individ-
ual quadrupole moment of each black hole. Indeed by
dimensional analysis one finds that the mass quadrupole











where we used the PN scaling between the true (physical)
spin and the spin variable with finite limit as c! 1 dis-
cussed in the introduction. Since the first time derivative of
this quadrupole moment comes from the spin precession
equation only, which isOð2Þ, the contribution to the linear-
momentum flux from time derivatives of the individual
Kerr quadrupoles is pushed to 3PN order, and can thus
be ignored here. This completes the list of all required
source multipole moments for the computation of the
linear-momentum flux at 2PN order for spinning binaries.
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APPENDIX B: CONSTRUCTION OF
QUASICIRCULAR ORBITS
When spins are present, exact circular motion in a fixed
orbital plane is not a solution to equations of motion (3.5).
The spins induce radial and azimuthal perturbations, as
well as precession of the orbital plane. In this Appendix we
provide, for the benefit of the unfamiliar reader, a review of
the well-known fact that despite these difficulties, it is still
possible to meaningfully derive a modified version of
Kepler’s law for spinning binaries. This modified
Kepler’s law relates the orbit-averaged orbital frequency
and the orbit-averaged orbital separation, as given in
Eq. (4.3).
Our description of the orbit follows exactly the formal-
ism of Ref. [80]. The basic picture is the following. One
describes the orbit using the unit vector n^ along the line
joining the two bodies, the unit vector L^N normal to the
instantaneous orbital plane, and the vector ^ ¼ L^N  n^.
With respect to this basis, the instantaneous velocity and
acceleration are shown to be
v ¼ _r n^þr!^; (B1a)






¼ aNðr; n^Þ þ 1
c2





aSOðr; _r; n^;v;S;Þ þ 1
c4
aSSðr; n^;S0Þ: (B1b)
Our quasicircular orbits are then constructed as follows.
Since the leading-order spin acceleration is of 1.5PN order,
we assume that the radial perturbations scale similarly, i.e.
_rOð3Þ. Hence at 2PN accuracy we may set _r ¼ 0 and
v ¼ r!^ in the arguments of each acceleration term in
Eq. (B1b). By projecting the result on the ðn^; ^; L^NÞ triad,













































ðn^  S0ÞðL^N  S0Þ

L^N; (B2)
where v2 ¼ r2!2. Next we decompose r and ! into their
orbital average piece plus a time-dependent fluctuation, i.e.
r ¼ rþ 
r; (B3a)
! ¼ !þ 
!: (B3b)
The radial motion and the (time dependent) orbital fre-
quency are determined from the n^ and ^ components of the
equation of motion (B1b). Let us first look at the compo-
nent of the equation of motion along ^. It yields




ðr2!Þ ¼  3
mr4
ðn^  S0Þð^  S0Þ: (B4)
In order to perform the integral, we may keep the spins
constant, as their time derivatives yield higher order terms.
We may also use ^ ¼ !1 _^n in the right-hand side of Eq.
(B4), which then gives
d
dt












ðn^  S0Þ2: (B5)
On the right-hand side we may assume that r and ! are
constants, as their time derivatives are at least Oð3Þ. Hence
the 2PN accurate solution to the ^ component of the
equations of motion yields
r2! ¼  3
2mr3!
ðn^  S0Þ2 þ ; (B6)
where  is an integration constant. Substituting decompo-
sition (B3) into Eq. (B6) we find
r 2 !þ 2r !
rþ r2
! ¼  3
2mr3 !
ðn^  S0Þ2 þ :
(B7)
Since, by definition, 
r and 
! have zero orbital average,
the constant  is determined as
 ¼ r2 !þ 3
4mr3 !
½S20  ðL^N  S0Þ2; (B8)
where we have used the following orbital average:
hn^in^ji ¼ 12ð






½S20  ðL^N  S0Þ2
 3
2m r3 !
ðn^  S0Þ2: (B10)
Let us now look at the n^ component of the equation of
motion. It yields
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1þ ð1þ 3Þr2 !2  2ð2þ Þm
r
þ ð3 4Þ r4 !4  1
2



























ðn^  S0Þ2; (B11)
where W can be taken as constant for the purpose of
solving Eq. (B11) at 2PN order. Taking the orbital average
of Eq. (B11) we find, imposing h
 €ri ¼ 0








1þ ð1þ 3Þ r2 !2  2ð2þ Þm
r




















ðS20  3ðL^N  S0Þ2Þ

: (B12)
Solving Eq. (B12) for ! at 2PN accuracy, we recover
Eq. (4.3) after performing the replacements r! r and
!! !. It remains to solve for the radial perturbation.
Substituting Eqs. (B10) and (B12) into Eq. (B11) we obtain







ðn^  S0Þ2  12 ½S
2




The 2PN accurate general solution to this differential
equation is

r ¼ A cosð !tþ ’Þ þ 1
2m2 r





½S20  ðL^N  S0Þ2; (B14)
where A and ’ are constants determined by initial con-
ditions. For definiteness we assume A ¼ 0, so that the
homogeneous solution to the radial perturbation vanishes.
The last element we need is the angular frequency pertur-







ðn^  S0Þ2  2ð^  S0Þ2
þ 9
4
½S20  ðL^N  S0Þ2

: (B15)
The perturbations to the orbital frequency and radial mo-
tion are quadratic in the spins and therefore are 2PN
corrections. Hence we only need to make the distinction
between r and r and ! and ! in the Oð0Þ (Newtonian)
piece of linear-momentum flux.
APPENDIX C: COMPUTATION OF TAIL
INTEGRAL
We provide here, for completeness and also for the
unfamiliar reader, an explicit derivation of Eq. (4.13),
central to the evaluation of tail terms in the limit of
quasicircular orbits.




which can be mapped directly to Eq. (4.13) by a simple
change of integration variable and a redefinition of k. To





where the contour C is the closed contour obtained by the
union of the paths C1, C2, C3, and C4 taken counterclock-
wise as depicted in Fig. 1.
On the contour C and inside the region it borders, we
take lnz to be the principal logarithm lnz ¼ lnrþ i, with
z ¼ rei. The principal logarithm is analytic on and inside
FIG. 1. Contour of integration for evaluating the tail integral.
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the contour C, and therefore Eq. (C2) vanishes. Let us now
go through each path which makes up the contour of
integration. First, the integral from R1 to R2 on the real
axis (the path C1 in Fig. 1) matches Eq. (C1) when the
limits R1 ! 0 and R2 ! 1 are taken. [This, of course, is
the reason why the principal branch of lnz is chosen to
perform the integral (C2).] Next we have the contribution
from the path C2, i.e., the quarter-circle of radius R2 in
Fig. 1. This is given by
Z
C2
eikz lnzdz ¼ iR2
Z =2
0
ðlnR2 þ iÞeikR2 cos
 ekR2 sineid: (C3)
Clearly this integral vanishes in the limit R2 ! 1 due to
the presence of the ekR2 sin factor in the integrand. The
integral of the path C4, i.e., the quarter-circle of radius R1 is
quite similiar to Eq. (C3), and is given by
Z
C4
eikz lnzdz ¼ iR1
Z 0
=2
ðlnR1 þ iÞeikR1 cos
 ekR1 sineid: (C4)
Since R1 lnR1 ! 0 as R1 ! 0, Eq. (C4) clearly vanishes in
the limit R1 ! 0. Lastly the integral over the path C3, i.e.,


















Integrating by parts the second term in the right-hand side
of Eq. (C5) yields
Z R2
R1
























We next make use of the following integral representation





1 eu du ¼ ln½1 e
 ! ln as ! 0:
(C7)
Thus, taking the limits R1 ! 0 and R2 ! 1 we obtain
Z 1
0












The remaining integral can be recognized as the digamma
functionðxÞ ¼ d lnðxÞ=dx evaluated at x ¼ 1. It is well
known that ð1Þ ¼ E, E being the Euler-Mascheroni
constant. Thus, the final result is
Z 1
0

















Setting x ¼ u=2B and k  2Bn! in Eq. (C9), we recover
Eq. (4.13).
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